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by J, C, English and C, 3., Smith ( U, of 1a.)

Twagline a thin orthotrople plate of widfora thiclmess having

Ao

4 tuo perpendiculor oxec of clastic symmetry in the plane of
the plote. 4n infinite rectangular plate of this type con~
toining a circeulor isotroplc disk is considercd, A uniforn

i tonslon 1s assumed to act along tvo opposite edges of the
plate, [or simplicity the edges of the plate will be talken
to be paraliel to the tuo axes of elastic symmetry. It is

[ 1 further assumed that the strains are small and remain trithin
‘ the 1imits of perfect elasticity. The problem will be treat-
3 ed as a problem of plane stress.

| ¥ . The oenter of the oircular disk is chosen as the center of
| | the coordinate systom and the X and Y ~ axes are chosen to be
] parallel to the axes of elastic symmetry of the plate. Using
’ the notation of S. Timoshenkol the boundary conditions ore

dy = S
- N> o=°
0’; =
Ty =0
-~
G'= o (1)
e = Lo y n-a
wWixy) = UKY)
Viixy) = V(%)

* This paper mms vwritten under an office of ilaval Rescaroh
contraot.

1 24moshenico, S., Theory of Llastiecity ( ilew Yorks lioGraw 11l
Book Company, 1951.)
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In the statement of the boundary conditlons the prime denotes

quantities assoclated vith the disk, and a is the rodius of the

disk vhose boundary is given by:
X = g Cos®
Y = aSine

henever the word platc is used the reglon exterior to the

disk 1s intended. In the plate the components of stress and of

gtrain are relntod as follows®s
- QU %, ill Le o
€ = Fr Ex E, ?
_3 - G Yo
€, =3y ~ &, & (2)
_9V Lo L.
by =2+ 55 =, T

In these relations Ex and E_ are Young's moduli in the X and

b 4
Y directions respectivelys + 1s Poisson's ratio; and G is the

modulus of rigldity. )

For plane stress the equations of equilidbrium are:

)
{™Y
LR

“rang of coudlibrium will obviousdly o o

Lmomn funetion Fosuch that

Tve T 3759

Baggel Smith, Quart f Applied Math. 6,
usa.uﬁa (1949) orly of App
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Substitution of cquobivas i) L0bo equaLicas (27, using the

(. relation _'f:g_ - -l’_‘.z. , Clves
E', Ex
_ L 2 _ Ay ZF
r =T T B
= L 3 _ Y4 F
€ T E S5 TR, W (5)
! -
by = G, %%

j ) If these values are substituted into the compatibility

-equation, ove, ey _ YA :
5o T Tox~ = x4

i one has the following equation

P i 9*F
£ AP T 2";3 2 G+ = L =0
Ey, X + [Cn Ex J ax™ou™ Ex 2y

. = E,
and 7 = €%. Then the compatibility equation can be ritten

e e e o e

l as
1’ F CMa 2'F
i m—— - + =
yo ox* T 2K 3x °% C/M © (N

Assuwe F= F(X+379) end substitute this into the
nev form of the compatibility equation to obtain the follov=
ing equation in §

Y4 2kd Yy 1 =0

61:. -Kzx VYR

Therefore




Sance o tovden plube vill be chosen as an oxanplo and, i
- sinece for wood ¥ ag defined is probably alwmys greator than
cnel, let K= Cooh¢ then S = ~ colh ¢ 2 Ak d
oand
0,= ¢ .Q*
a‘z ¢ .Q“* “
5 = i 49-.‘
2 -t
5* e -t L
Hour the compatibillity equation can be rewritten as
SIS 1 A MR il R (2)
et s T A aﬂt)F' =0 8

: vhere o*_ _J' A= o8
1 It oan be shoim by direot substitution that the compati-
i bility equation is satisfied by any stress function of the form

F= R[ﬁ'(x+£u77)+F:(x+c/37)] (9)

where oA = '/ K+ ‘JK:-!

3 =YK -yK

Consider an infinite rectangular orthotropic plate comtaining
a oclrcular or elliptio hole., Assume that a wmiform temsion 1is
applied along two opposite edges amd that the cdges of the plate

3 C.B. Smith, Effcot of Elliptio or Ciroular loles on the
stress Distrivution in plates of wood or plywood considered as
g;ﬁﬁotropic naterials, rForest Products lLaboratory Raport ifo 1510,




Qs nrorINeT T M S perren At enles amas of oleatis nymmetry,
(In the case of the elliptic hole choosc the axes of the
ellipsc to be the coordinnte axes ond assume that thesc azes are
parcllel to tho clastic axes.) ror this problem the solution is
Imorm”, “he stress functlon 1is
P = R[4 @-w s e w)
B . . {10)
+ 37 (-',-(a.\-vh) r Iy L«(t.ﬁwq).) +1 5;'
In this stress function A and B are complex oonstants and
g, V, ¥, a, and 4 are defined as followss

Z =X+ x7 Z,:x-u'/ny
W. = H—'?’-— A Wl, =Y i:."'
= at(1-«<*€v) L= at(1-nvey)

o« = {R VR B = Ye=- VR

In order that the stresses shall be single-valued, Ujamd ¥,
are assignod values such that the following inequalities are
always satisfieds |3; + Uyl > 4 |85 + Us| » ¥,

TFor the problem of the infinite orthotropic plate combtaining
a circular or an elliptic hole the boundary conditions at infinity
are identical to the boundary conditions at infinity for the
problen of this paper. From the nature of the problem comnsid-
ered herc it appears that the form of the stress funetion glven
above 1ill be suitable for the plate., It will be showm that
this 18 true.

4 smatn, ivia




o Yhe aneege Tunmatlon FOAv follous that

( Q;ﬁ“ oA ‘
Gp = oy (uw.) W,(f;-o» w, J +35
: e = DE L fA__ + -3 (11)
k ‘3 - "')‘\"‘ o ! %FW;[E,*W.) W;,(?;,_'*W;)

‘, __3F (YEA_ (neB
7:‘8' T vy R[ (2,4 W) + W, (2,4+W,)

The boundary conditions at infinity, namely,
;o= S

T = 0

{Z""Q = O

con easily be shoim to be satisfied provided only that A and ‘

R~ o0

; B are finite.
In order to satlsfy the boundary conditions at re=a, use
! 1ill be made of the following relationships between polar and

reotangular streasses,

T = % Cot'a + Ty 4n'0 +2 T, A6 L00 0

: Tho = —Tx pinG COIB + Ty A O CrO + T (coao-»t(o]ja)
where 6 i1s the polar angle. From these relations using (11)
o, and ‘Z;, for the plate are found tc be

______A______ L . .
T = RIW (s, 4wy € Co =~ 2i2g +2iw e pin6Crb)

4__= s i

L__.._ LY3 ] L3 ’
t W (B, +Wy) (A*€*coao — anre +2LipE AnO Cme)]

+ Scaate.
(13)

Z.=R [-A{Ains cono O +o*€") + ( w6 (Ainrp- ce*0)}
iad Wa(i "‘wl).

eud—_ SO SRS SN - S S

4+ =8 { b0 cooo (1Y - (A€ (L0 - D))
W, LEL'*'W;)

- S b 9 Cote O,
b
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ring, vhich lucludes as a special cage s oircular dislz, 1is
given by S. Timoghenko®, To prevent rmltiple volued stresses
and to prevent infinite stresses at the origin some of the cone

atants of the stress function are necessarlly zero, TIFrom

Timoshenko's stress function «}  and ’Z;,’ for the disk are
found to be '

G 'z 2d,+ 24h cotb + 2d, R Bim0

+3 Mo, ™ [wedd by 1°) coans

neh

+ i (MG A"+ Ine2] du ") A

N3y

o
- A" A YN Coune
2, (@ 1) ” (14)

=2 (CnA™ 4 duA") N* Ad B,

neKw

Lo = 24,0 4nb 20 neoed +2 (00 0 A™™)

ey

"a ‘ | + L) b, /'Li]n pimne =3 ([n-1]0n AT

nra

+[n+dd, 2") n cos mo.

i 3 If g, (13); K,(l}); G2 (14); and Z:;(lu) are evaluated for
I r=aand 1f 03 (r =a) is equated to G5’ (r = a) and 7, (r = a)
to 7, (r=a) then the tvundary oonditiens (1) are satisfied
except for those relating to displt\aoementa.

then the horizontal and vertical displacements in the plate
are equated to the horizontal and vertical displacements in the
disk respectively as required by the boumdary oconditions (1) :

5 Timoshenio, op, oit, P 114
-
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Phcil o Gdet o 0F uile Huesy Jedebioa suaoudd Deouniquely de-

termined, If Timoshenko's riress function for the disk is

expresged as a function of X and Y and the rectangular stress-

es are obtained by differentliation then the rectangular 4dise

placements in the disit can be obtained by substitution of the }
expressions for the rectangular stresses into equations (2)

and Integrating. This yields6

w’ = —é—{[z.&»(x—-?) ~20,04 V)% + 6 (1-¥)d, X 4} + U ()

(15)
Ve w([zb.u v;+zmu+ﬂh +6(1- f)o(.,x-.} + ¥hlx)

/ ’
Uo(Y) and 7 (X) ocan be showm to be equal to zero.
The rectangular stresses for the plate are mowm (11).
In a simllar maxmer the displacements in the plate are found

to be
Alrer+¥,) -~ B(R*e“+ V) -1 ]
U= R Ey zZ,+W, t = E‘ 2,,+W,,J
+§EL + Uly)
* (16)
(A(“""‘ CLJ‘:) ! + B("“ﬁ‘&"*y) ! J
V= L €, co€(2,+w) E, (e (.0W)]

— iu.‘!- -+ Vo(x)
E*

where Up (¥) and Vg (X) oan be shown to be equal to zero,
Equating U (16) to U' (15) and V (16) to V' (15) imposes

6 Since the disk is isotroplo Ex = Ey = E avd Ve, = ¥, =¥

=
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tha lost two boumdary sonditions (1). Thils detormires A and B

uniquely.

[ {g-E)a%S o (1+2€)] (06-R"€ V) E+ (14 ) E])
Lo €-V)E r e+ ) B W B (14ne) [ (ae—arev) Ey+ (i e>s,) E]

A s ‘
«{(36.(|~A&'»‘)E,+(HA ¢ "JE (ﬂQ-V)E,."‘(Q‘E‘qu}{‘)E

B(i+ns)[=E(i= CVIE, + (1™ ) E - (Be+1) [fare-v)E, +(¢\E~+;{,)EJ

3
(p)

[ weli+=e)(VE,~YE)a*s (Re-vV)Eg + (A" + Y ) E
(a€-o"€"P)Eg+ (1+47€™ )E [(aeﬂ) (6 -V)Ey T («"€+ Yiy) E]

x[ne(1-n ev)E, + 1en"e ) E] ___{pe-y)E, r (el E
NO+ae)[xe(1-%Ey) Ey¥ (H«"e"y;,)a- (r3e+1) [“‘"V)E, + ("‘t"-#-l{,)E

(18)

[ %€ (VE,~%xE) O™S ] (E-2x) a's
B o Lae(=< v)e»-»-(l-fd‘e‘v’.:)sl_ (e-v) Ex + T+ TV E |

2 LRE(1-neV) Ey + (1487 ) E (Re-V)E\ e %, ) E

nl+ne) [«e(r- “¢V)E, + (i+ata" 7], )ET - (/Jeu)[(ag-al)c,ﬂ’«‘rn‘;,)é

It is desirable to show that for a rigid disk, that is,
for E = o0, the stress fumction of this paper reduces to the
lmowm stress function for the case of the rigld dJ.sk7. It is
sufficient to show that the constants A (17) emd B (18) reduce
to the proper form since the form of the stress funotions for
these two cases is the same, Dy taking the linit of A and of
Bags [ - eo and simplifying it follows that

T A3vin Jewel Owems "Effect of a Rigid Elliptic Disk on the
Stress Distribution in an Orthotropic Plate." vootor's Thesis,
U, of Florida, 1950, 9

|
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Lo aih cevn ey b 100 buldaluab Bl o = I.'I.y fow vlie
1sotropic case. A sufficlent comdition 1s that @ —= 0 since
Ko~ 1 gnd (7) reduces to the biharmeonic equation for the
isotroplic case,

The expression for the orthotropic stress function becomes
indeterminate as ¢ —e O.  Successive application of L'llospital's
rule gives for the isotropic stress function

F=$ Rr (a54E) [+ v)E =(1+NE] + (€-E) [a+V)E +(s-¥)E]
T2 i [(.-v')e+u+v')s_7f(nv')s +(-v)e']

(7”5-' 7’5’)[1"5* “‘"1’} E'] a‘]? 2% (21)
[-voE + amef[usvie +i3-v£]

a[(1+ME' = (4N E] (aa‘«t* a.’~) L 27
(1+¥)E + (3-¥) €' ? 2 2

It can be shown that the stress function reduces to the
one giveun by Timoshenko’ for sn infinite rectangular ortho-
tropic plate with 2 oircul'.r hole vhenever E'—w» O,

Ag examples of the results obtained, consider a large
rectangular, plain- savm plate of Sitlma 9prucé , and a large
rectangular plate of steel. Each platc will be taken to have
a small cirocular copper disk at its oemter.

Since shearing stresses are probably more important in pro-
ducing failure in a wooden plate, Figure 1 is given to show the
variation of the shear stress component around the boundary of
the disk., ilso since it is fallure of the wooden plate that is
of the most conocern, stresses along the coordinate axes exterior

to the ocopper disk are given in subsequent figures.

2 Timoshenko, op. oit. p 77
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Fagure 1. Variation of the shear stress companent Txy
at points along the boundary of & oircular oopper disk of
radius a with center at the origin for a plainesawm plate of
Sitka spruce and for an isotropic (steel) plate.
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Figure 2, Variation of the normal stress component Cy.
at points along the X-axis exterior to & oiroular copper disk
of radius a with center at the origin for a plain-saxn plate
of Sitka spruce and for an isotropic plate.
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Figure 3. Variation of the normal stress compoment Ux
at points alomg the X-axis exterior to.a oirocular oopper disk
of radius a with center at the origin for a plain-saim plate
of Sitka spruce and for an isotropioc plate,
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4. Variation of the normal stress component Ix
at points along the Y-axis exterior to a circular ocopper disk
of radius a with center at the for a plaine-sawn plate
of Sitka spruce and for an isotropic plate.
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' Figure 5. Variation of the normal stress component 9

| at points along the Y-axis exterior to a oircular oopper disk
i ¥ of radius & with center at the origin for a plain-saim plate
# of Sitlea spruce and for an isotrople plate.
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